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«AB..€|D|, f,g..€DAB)
«0:D(B,C)xD(AB)—>D(AC), idy € D(A A) neutral

Associativity of composition vs. evaluation order

« AN, 3f, f o L # L (lazy evaluation)

« 3P, Vg, gof L = L (strict evaluation)

s feN (g D)=L

e (fNg)oP L=1 “Blass problem” (Abramsky, Melliés)
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V(P,GN) = S(FP,N) = O(P,N)
< |DIE{P,Q...e|V}w{N,M ... €|S[}
O(P,N),0(P,FQ)

« D(A,B)¥0(A%,B®) = {O(GN,M); O(GN,FQ)

« oV . D(N,B)x D(A,N) > D(A,B)
(T(GN, GB®) x D(A", GN) - U (A*, GB®))

« o : D(P,B)x D(A,P) > D(A,B)
(S(FP, B®) x S(FA*,FP) > S(FA", B®))
Girard’s LC (1992)
(feg)eh=fe(geh)
(fe'g) et h=fo (go" h) (feg)oh=fo(geh)
(fotg)eN h=fo (goN ) (feg)oh=fe(geh)
cf. duplicial algebras (Loday)



Duploid situations
000000

Duploids: a characterisation
In D a deductive system
o fislinear & Vg,h:(feg)eh=fo(geoh)
* histhunkable < Vf,g:(feg)eh=fe(geh)
« Ais positive < VB,V f € D(A,B), f islinear
* Bisnegative < VA,V f e D(A,B), f is thunkable

...in concurrent games
[e]



Duploid situations ...in concurrent games
00e000 o]

Duploids: a characterisation
In D a deductive system
o fislinear & Vg,h:(feg)eh=fo(geoh)
* histhunkable < Vf,g:(feg)eh=fe(geh)
« Ais positive < VB,V f € D(A,B), f islinear
* Bisnegative < VA,V f e D(A,B), f is thunkable

Definition
A duploid is a deductive system
where:
1. every object has a polarity;
2. for every object, thereis a
negative object to which it is
linearly isomorphic; and
3. for every object, there is a
positive object to which it is
thunkably isomorphic.



Duploid situations ...in concurrent games
00e000 o]

Duploids: a characterisation
In D a deductive system
o fislinear & Vg,h:(feg)eh=fo(geoh)
o his thunkable = Vf,g: (f@g)@h=f@(g®h)
« Ais positive < VB,V f € D(A,B), f islinear
* Bisnegative < VA,V f e D(A,B), f is thunkable
Definition (feg)eh=fe(geh)
A duploid is a deductive system { (feg)oh=fo(goh)
where: (feg)oh=fe(goh)
1. every object has a polarity; §p € D(P,1P), 85 € D(1P, P)
2. for every object, thereis a {

negative object to which it is
linearly isomorphic; and

51§°(3P'f) =f

Spe8p=idyp

3. for every object, there is a
positive object to which it is
thunkably isomorphic.

(fowk) swn = f

{wNEfD(N,lLN),w}‘\, € D(IN,N)
wNow;;=idUN
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Definition (Duploid Situation)

. U'"(r’,e)ﬂ:(?%:]\[

. 1is pointwise a split mono: py oy =idy
¢ is pointwise a split epi: ep e 0p =idp

P W N R

. p (run) and 6 (thunk), as non-natural families, must satisfy:
4.1 py=Teand 0y = Iy
4.2 popyy=poMlpand Oy, e0=1UM00

Definition
« feN(N,M)islinearif pproMf = fopy
« f € P(P,Q) is thunkable ifGQ-f =UNfebp

Proposition: Tk y I : N; > P,
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Duploid Situations

Theorem
Any duploid situation conservatively extends into a duploid satisfying :

lf =wofow® , n=_38ew , p=w ed”
Tf=8efed" ) e=08"ow" ) O=wod

Consider the collage of the adjunction § - 1: P - N
D(P,Q = P(P,Q
D(N,M) € N(N,M)
D(N,P) * ?(UN,P) = N(N, 1P)
and extend it as follows
D(P,N) & P,(P,IN) = N,(P,N)
Conjecture: Dupl ~ DS ~ Adj, < Adj
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CBN, non-alternating

An arena:

A term:
AFEOTTOM newref rin f (r:=tt); Ir
A play:
(com - com) - B
q-
run™
run—
done™
done™
i

(com - com) —» B

Negative, non-alternating strategies: certain sets of non-alternating plays.
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The alternating world:

4
_ /\
galt \i/ g;t
neg. arenas t pos. arenas
neg. strat neg. strats
Unit in G, (natural) Co-unit in G, (natural)
B— | B |t Bt ——=B*
Ol o
ot ot
s = q Gl = q
q" q"
t t
ﬂ’.+ ﬁ:+

Variations at the heart of: work by Laurent (LLP), Levy (CBPV), Mellies
(analysis of the Blass phenomenon).
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Duploids situations in toy categories of games

The alternating world:

4
T
G DS alt
neg. arenas t PoOs. arenas
neg. strat neg. strats
Execution in G|, (not natural) Thunking in G, (not natural)
tB——B Bt —— |4 Bt
+ T a
L4 .
PB = o Opr = c
q" q"
tt t—
tt ttt

Naturality: no, except in the subcategories of linear and thunkable strategies.
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Note: This works in non-alternating play-based games, but also some
event-structure based games (including edcs).

4/5



4/5

Duploids situations in toy categories of games
The alternating world:
/\
Gt D.S. ;t
\—/

neg. arenas t POs. arenas

neg. strat neg. strats

The non-alternating world:

/E\

neg. arenas ﬂ arenas
neg. strats strategies

Note: This works in non-alternating play-based games, but also some
event-structure based games (including edcs). Not in Conway games.
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i /i\
g L g
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)
Dl = [G7[+19]
D(A,B) = G(AB)
D(N,M) = G(N,M)
D(N,P) = G(N,P) = G (N, P)
D(P,N) = Gi«(P,N) ~ G (htP,N)

Duality/composition: three duploids for the price of one!



